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A B S T R A C T
In this study, the boundary layer ﬂow of an incompressible viscous ﬂuid over an unsteady curved stretch-
ing surface is investigated in the presence of a variable appliedmagnetic ﬁeld. Since the geometry is curved,
the basic ﬂow equations of the present problem are modeled using curvilinear coordinates. The ob-
tained system is then reduced into nonlinear ordinary differential equations in two dependent quantities
namely the ﬂuid pressure and velocity by introducing suitable transformations. A numerical solution for
ﬂuid pressure and velocity is obtained by using a shooting method using Runge–Kutta integration scheme.
The effects of various physical parameters on the ﬂuid velocity and pressure distribution are shown through
graphs and are discussed in detail. The comparison between the present and the existing results in the
literature in special case for ﬂat unsteady stretching, i.e. (K → ∞), is found in good agreement.
© 2016, Karabuk University. Publishing services by Elsevier B.V.
1. Introduction
During the past few decades, the analysis of boundary layer ﬂows
of viscous ﬂuids due to continuously moving or stretching surface
has important applications in engineering processes and polymer
industry. Examples of such technological processes concerning poly-
mers include cooling of continuous strips or ﬁlaments, glass blowing,
continuous stretching of plastic ﬁlms, artiﬁcial ﬁbers, continuous
casting of metals and spinning of ﬁbers, hot rolling, wire drawing,
glass ﬁber, paper production etc. The viscous ﬂuid subject to a
stretching surface was ﬁrst analyzed by Crane [1]. He obtained an
exact and closed form similarity solution. Gupta and Gupta [2] dis-
cussed the heat and mass transfer due to a porous stretching sheet.
They presented the analysis for both suction and blowing cases. The
existence and uniqueness of stretching ﬂow is discussed byMacleod
and Rajagopal [3]. In recent years, the Crane’s problem [1] is ex-
tended to discuss the various aspects of the ﬂow and heat transfer
characteristics with linear and power-law surface velocities bymany
authors; for detail the readers are referred to the References 4–11
and the literature therein.
In the above discussed literature the stretching velocity and ﬂow
patterns are independent of time. However, in many engineering
and technological problems, the stretching may start impulsively
from rest, and the transient or unsteady aspects become more in-
teresting. Wang [12] was the ﬁrst to initiate the study of boundary
layer ﬂow of a ﬁnite liquid ﬁlm over an unsteady stretching surface
and reduced the time dependent ﬂow equations into nonlinear or-
dinary differential equations using a special type of similarity
transformations. Elbashbeshy and Bazid [13] presented the simi-
larity solution of boundary layer ﬂow and heat transfer over an
unsteady stretching sheet. Bhattacharyya et al. [14] studied the un-
steady MHD boundary layer ﬂow with diffusion and ﬁrst-order
chemical reaction over a permeable stretching sheet with suction
or blowing. A literature survey indicates that the problem of un-
steady stretching surface for various aspects have been discussed
by many researchers; for the details interested readers are re-
ferred to the References 15–24 and the references therein.
In all the above studies the stretching sheet is considered to be
ﬂat, and mathematical modeling is carried out using Cartesian co-
ordinates. Themathematicalmodeling in the case of curved stretching
sheet having a constant curvature is ﬁrst provided by Sajid et al. [25].
They obtained the governing equations using a curvilinear coordi-
nates system. Abbas et al. [26] studied the laminar ﬂow and heat
transfer analysis of an electrically conducting viscous ﬂuid over a
curved stretching surface with constant and variable surface tem-
perature. Recently, Naveed et al. [27] analyzed the effect of radiation
and magnetic ﬁeld on a micropolar ﬂuid over a curved stretching
surface. Very recently, Rosca and Pop [28] have analyzed the un-
steady boundary layer ﬂow over a permeable curved stretching/
shrinking surface. The present analysis aims to study the unsteady
boundary layer ﬂow of an incompressible viscous ﬂuid over an un-
steady curved stretching surface in the presence of appliedmagnetic
ﬁeld. Similarity solutions of the ﬂuid velocity and pressure distri-
bution are obtained, and the reduced ordinary differential equations
are solved numerically using shooting method with Runge–Kutta
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integration scheme. Numerical results of the ﬂuid velocity and pres-
sure distribution as well as the local skin–friction coeﬃcient are
shown through graphs for different physical parameters.
2. Flow equations
Consider the two-dimensional, unsteady boundary layer ﬂow of
an incompressible viscous ﬂuid over an unsteady curved stretch-
ing sheet coiled in a circle of radius R about the curvilinear
coordinates r and s . It is further assumed that radius of curved
stretching surface is a function of time and take R t R t( ) = −0 1 α ,
where R0 is a positive constant. At time t = 0 , the surface is stretched
with the velocity U s tw ,( ) along the s -direction. It is also assumed
that the ﬂuid is electrically conducting, and a transfer magnetic ﬁeld
B t( ) is applied in the r -direction. The induced magnetic ﬁeld is ne-
glected due to a small magnetic Reynolds number assumption. Under
these assumptions along with the boundary layer approxima-
tions, the governing equations for the ﬂow are given as:
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where v and u are the velocity components in r - and s -directions,
respectively, ρ is the ﬂuid density, p is the pressure, ν is the ki-
nematics viscosity of ﬂuid and σ is the electrical conductivity of
the ﬂuid. Here we assume that B t( ) is of the form
B t B t( ) = −( )0 1 21 α ,
where B0 is the constant magnetic ﬁeld.
The appropriate boundary conditions for the velocity proﬁle are:
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where a > 0 and α ≥ 0 are constants (with αt <1) and have dimen-
sion of (time)−1.
We deﬁne the following similarity transformations as:
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Using Eq. (5), the continuity Eq. (1) is automatically satisﬁed, and
Eqs. (2) and (3) yield
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where K R a= ν is the dimensionless radius of curvature,
M B a2 02= σ ρ is the dimensionless magnetic parameter or the Hart-
mann number, and δ α= a is the unsteadiness parameter. It is worth
mentioning that by taking K → ∞ and δ = 0 , Eq. (7) in the absence
of pressure gradient and body forces is reduced to the classical
problem of ﬂat stretching sheet discussed by Crane [1].
′′′ − ′ + ′′ =f f ff2 0.
To eliminate the pressure from Eqs. (6) and (7) we differentiate
Eq. (7) with respect to η and then putting the value of ∂ ∂P η from
Eq. (6), ﬁnally we get
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Once we obtain the ﬂuid velocity proﬁle f η( ), the pressure can
be determined from Eq. (7) of the form
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The physical quantity of interest is the skin–friction coeﬃcient
along the s -directions, which is deﬁned as
C
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where τrs is the wall shear stress along the s -directions, which is
given by
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Using Eqs. (5) and (12), Eq. (11) becomes
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where Res as t= −( )2 1ν α is the local Reynold number.
3. Result and discussion
We compute the velocity proﬁle and pressure distribution by
solving Eqs. (9) and (10) with the boundary conditions [Eq. (8)] nu-
merically using fourth order Runge–Kutta method combined with
the Newton–Raphson technique. The ﬂuid velocity ′ ( )f η and the
pressure distribution P η( ) are plotted in order to see the effects of
the various parameters, for example, the dimensionless radius of
curvature K , unsteadiness δ and the magnetic parameter M in
Figs. 1–6. Furthermore, we calculate and show the values of the skin–
friction coeﬃcient −Res fC1 2 for several parameters both graphically
and in tabular form (see Tables 1 and 2).
Table 1 is made in order to validate the method in the present
study and to judge the accuracy of the present results, compari-
sons are given with the existing results of Jhankal and Kumar [10]
(in the case of steady ﬂat stretching sheet), and with those of
Sharidan et al. [19] and Ibrahim and Shankar [21] (in the case of
unsteady ﬂat stretching sheet) by taking the dimensionless radius
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of curvature K → ∞ , i.e. K =1000, and are found in good agree-
ment. Table 2 is given to show the numerical values of the skin–
friction coeﬃcient for several values of K , δ and M . It is found that
the magnitude of −Re /s fC1 2 increased by increasing the value of M
and δ , but it has the reverse behavior for K as the skin–friction co-
eﬃcient decreased by increasing the value of K .
Fig. 1 shows that the ﬂuid velocity proﬁle ′ ( )f η for several values
of the magnetic parameter M with K =10 and δ = 0 2. is ﬁxed. It
is seen from this ﬁgure that the ﬂuid velocity along the sheet
Fig. 1. Variation of the magnetic parameter M on the horizontal component of ve-
locity ′ ( )f η with K = 10 and δ = 0 2. .
Fig. 2. Variation of the unsteady parameter δ on the horizontal component of ve-
locity ′ ( )f η with M = 0 5. and K = 10.
Fig. 3. Variation of the dimensionless radius of curvature K on the pressure dis-
tribution P η( ) with δ = 0 1. and M = 0 2. .
Fig. 4. Variation of the unsteadiness parameter δ on the pressure distribution P η( )
with K = 10 and M = 0 2. .
Fig. 5. Inﬂuence of unsteadiness parameter δ on the skin friction coeﬃcient −Res fC1 2
with M and K = 10 ﬁxed.
Fig. 6. Inﬂuence of dimensionless radius of curvature K on the skin friction coef-
ﬁcient −Res fC1 2 with M and δ = 0 2. ﬁxed.
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decreases with the increase of magnetic parameter M . Moreover,
the momentum boundary layer thickness also decreases as we in-
crease the value of M . This is because for the present analysis the
magnetic force acts as a resistance to the ﬂow. Fig. 2 displays the
variation of the unsteadiness parameter δ on the horizontal com-
ponent of velocity ′ ( )f η . It is seen from Fig. 2 that the ﬂuid velocity
decreases by increasing the value of unsteadiness parameter δ . It
is also evident from Fig. 2 that the thickness of the momentum
boundary layer decreases with an increase in δ . Fig. 3 exhibits the
pressure distribution P η( ) for various values of dimensionless radius
of curvature K when M = 0 2. and δ = 0 1. are ﬁxed. From Fig. 3 it
is found that the pressure distribution P η( ) is increased inside the
momentum boundary layer with an increase in the dimensionless
radius of curvature. Moreover, the pressure distribution goes to zero
far away from the sheet and the magnitude of the pressure distri-
bution approaches to zero by taking the dimensionless radius of
curvature K → ∞ (in this case the curved stretching sheet con-
verts to the ﬂat stretching sheet). The physical reasoning of this
behavior is that as we move away from the surface the stream-
lines of the ﬂow behave in the same manner as they do in the ﬂow
over a ﬂat stretching surface. Fig. 4 elucidates the change in the pres-
sure distribution P η( ) for different values of an unsteadiness
parameter δ by keeping M = 0 2. and K =10 ﬁxed. It is seen from
Fig. 4 that the absolute value of pressure distribution decrease with
an increase in an unsteadiness parameter δ .
Fig. 5 gives the change in the skin–friction coeﬃcient −Res fC1 2
versus the magnetic parameter M for various values of unsteadi-
ness parameter δ with K =10ﬁxed. From Fig. 5 it is evident that
the absolute value of skin–friction coeﬃcient is increased by in-
creasing the magnetic parameter M and unsteadiness parameter
δ . Fig. 6 shows the change in the skin–friction coeﬃcient versus
M for several values of the dimensionless radius of curvature K
with δ = 0 2. ﬁxed. From Fig. 6, one can see that the absolute values
of the skin–friction coeﬃcient decrease by increasing the value of
K ; however, it is increased with increasing of magnetic parameter
M . The skin–friction coeﬃcient increases with the increase of the
value of M , and the velocity of the ﬂuid decreases as M increases
(see Fig. 1).
4. Concluding remarks
In the summary, the boundary layer ﬂow of a viscous ﬂuid over
an unsteady curved stretching sheet with magnetic ﬁeld is dis-
cussed. The resultant non-linear equations are solved numerically
using a Runge–Kutta method combined with the Newton–Raphson
technique. The physical interpretation of the ﬂuid velocity, pres-
sure distribution and the skin–friction coeﬃcient for various values
of involved parameters are given graphically and in tabular form.
It is noted that the ﬂuid velocity as well as momentum boundary
layer thickness are decreased for both parameters M and δ . Since
pressure remains no more constant for curved surface as men-
tioned by Sajid et al. [25] the magnitude of the pressure distribution
is decreased with an increase in K and δ . The magnitude of the
skin–friction coeﬃcient −Res fC1 2 increases with an increase in δ
and M; however, it decreases with the increase in K . By taking
K → ∞ , i.e. K =1000, the results of ﬂat unsteady stretching sheet
are also recovered. The present study is theoretical a study that has
impact on technological application in stretch-formingmachine with
curving jaws.
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